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Abstract. Let fc = Fp be the field with p > elements, and let G be a finite group. By 
exhibiting an i?cx)-operad action on Hom(P, k) for a complete projective resolution P of the 
trivial feG-module k, we obtain power operations of Dyer-Lashof type on Tate cohomology 
H*(G\k). Our operations agree with the usual Steenrod operations on ordinary cohomology 
H*(G). We show that they are compatible (in a suitable sense) with products of groups, 
and (in certain cases) with the Evens norm map. These theorems provide tools for explicit 
computations of the operations for small groups G. We also show that the operations in 
negative degree are non-trivial. 

As an application, we prove that at the prime 2 these operations can be used to determine 
whether a Tate cohomology class is productive (in the sense of Carlson) or not. 



1. Introduction 

Let fc = Fp be the field with p elements. For every finite group G, let H*{G) — H*{G, k) denote 
the graded Tate cohomology algebra of G over k. Then H* is functorial with respect to injective 
group homomorphisms. The starting point of our discussion will be the following Theorem. 

Theorem 1.1. There is a family of k-linear operations Qs (and /3Qs forp > 3) for all integers s 
on Tate cohomology H* , satisfying the following properties. 

(1) The operations Qs are natural with respect to injective group homomorphisms. 

(2) The operation Qs lowers the degree by 2s{p — 1) (by s if p = 2), and jSQs lowers the 
degree by 2s{p — 1) — 1 for p > 2. 

(3) Qs{x) =0 if2s< -{p-l)\x\ (if s < forp = 2). 

(4) Ifp>2, then l3Qs{x) =0 if2s< -{p-l)\x\. 

(5) Qs{x)=xP if2s = -ip-l)\x\ (ifs = -\x\forp = 2). 

(6) Qs(l) — unless s ^Q, where 1 G H^(G) is the unit element. 

(7) The internal Cartan formula holds: 

Qs{xy) = ^ Qi{x)Qj{y), 

i+j=s 

f3Qs{xy)^ /3g.(a;)g,(2/) + (-l)l^lQ,(x)/3Q,(y) for all x,y e H*{G). 



i+j=s 

(8) The Adem relations hold: For r > ps, 

QrQs = Yi-iy^'ipi - r,r - (p- l)s - i - l)Qr+s-tQi 

i 

and for r > ps and p > 2 

QrPQs - Y.^-lY+\pi - r, r - (p - l)s - ^)PQr+s-^Q^ 

i 

- - r - l,r - (p - 1)S - l)Qr+s-^PQ^. 

i 

Here the convention is that (a, b) = if a or b is negative, and (a, b) = (°^^) otherwise 
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(9) On classes of non-negative degree, the operations agree with the Steenrod operations on 
H*{BG; k) = H*{G). More precisely, for \x\ > we have 

Q-n{x) — Sq"(a;) for p = 2 and n>Q, 

Q-nix) =P"(a;), /3g_„(a;) = /3F"(a;) forp>2 and n > 0, 

Q-n{x) = 0, f3Q^„{x) =0 forn<0. 

We define the total operation Q — J^i Qu then the Cartan formula reads Q{xy) ~ Q{x)Q{y) for 
all x,y. We will sometimes use the notation Pi{x) = Qi-\x\{x), so that Pi{x) = for all i < 
and Po(a;) = x^. 

Example 1.2. Let p — 2, and let G = Z/2Z be the cyclic group of order 2. We can easily 
compute all the operations on H*{G) using the statements of the theorem only. It is known 
that H*{G) = fc[s^^] for the unique non-zero class s of degree 1 (see [S], XII. §7). We know 
that Q{s) = s + s^, so that 1 = Q{1) = Q{s~'^s) = Q{s^^){s + s^). Using the fact that 
Q{s~^) — s^^ + (terms of degree less than —2) we obtain 

More generally we get for all integers i 

Q{s^) = {s + s^r = + 1)^ = E ('•) ' 

so that Qj^i{s^) = Q)s'^*~-' for all j > 0. Here we use the generalized binomial coefficient 

'i\ i(i-l)...(i- j + 1) ^ . 

' — ■ for mtegers i,j with j > 0. 



Example 1.3. Slightly more complicated, but still an immediate consequence of the theorem is 
the case G = Z/pZ for odd primes p. Here H*{G) = /c[s*^] ® A(u), where s is of degree 2 and u 
is exterior of degree 1. Let us define jSQ = PQi] then from the topological fact j3{u) — s we 
get for integers i 

PQ{s') = 0, (3Q{s'u) = Q{s')s. 

Example 1.4. Let us do an example of a non-commutative group. Let G — Qs be the quaternion 
group with 8 elements. Then it is known that H*{G) = k[s^^ , x , y] / {x"^ + xy + y^,x^) with 
degrees = jyl = 1 and \s\ = 4. We immediately get Q{x) = x + x'^ and Q{y) = y + y"^. Every 
automorphism of H^{G) is realized by a group automorphism; this implies that Sq^(s) = and 
Sq^(s) = 0. From the Adem relation Sq^(s) = Sq^ Sq^(s) it then follows that Q(s) = s + s^. By 
the same methods as above, one easily deduces the operations on all of H*{G). 

Remark 1.5. We will prove Theorem 1 1.1 1 by establishing an .Eoo-operad action on HomfcG'(^', k), 
the cochains of a complete projective resolution P of the trivial fcG-module k. There is another 
way of constructing Dyer-Lashof operations on Tate cohomology, using equivariant stable ho- 
motopy theory as follows. In the homotopy category of G-spectra [T^ let ka = H¥p denote the 
Eilenberg-MacLane spectrum, regarded as a G-spectrum with 'trivial G-action'. Associated 
with kc there is a Tate spectrum t — F{EG+, kc) A EG (see [S]) with the property that 
H*{G;k) = [S,t]Q (see [S]). Then [Tl] shows that t is an E'^-iing spectrum, that is, we have 
a non-equivariant operad acting equivariantly, which can be used to define power operations on 
H*{G). The author does not know whether the operations defined in that topological manner 
agree with the rather algebraically defined operations of this paper. 
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From now on, assume that the order of G is divisible by p. Let us define a graded submodule 
M*{G) of a shift of H*{G) as fohows: 



Af"(G') = 



-1(G) ifn<0, 
otherwise. 



Then M* (G) inherits the Dyer-Lashof operations from H* (G) , because classes of negative degrees 
are mapped to classes of negative degrees (or to 0) by the Qi. Via the identification M*{G) ^ 
{H*{G)/H*{G))[l] we can also view M*{G) as a left i?*(G)-module. For finite groups Gi and 
G2, we have the Kiinneth isomorphism H*{Gi x G2) = H*{Gi) H*{G2) which is known 
to be an isomorphism of modules over the Steenrod algebra. We also have the isomorphism 
M*(Gi X G2) = M*(Gi) (g) M*(G2) which is an isomorphism of modules over H*{Gi x G2). 
Even more is true: 

Theorem 1.6. For finite groups Gi and G2, the Kiinneth isomorphism M*{Gi x G2) = 
M*(Gi) eg) M*{G2) is an isomorphism of modules over the Dyer-Lashof algebra. In other words, 
Q{a ® /3) = Q{a) ® g(/3) for all a £ M*{Gi) and (3 e A/* (G2). 

Example 1.7 . Let us consider the case G = Z/2Z x Z/2Z at the prime p = 2. Let tpi be a 
generator of M~*(Z/2Z); it corresponds to s"*"^ e iJ*(Z/2Z), but this notation suggests the 
existence of an internal product which we do not have on M* . Let us write Lpij £ H^^^^^^iG) 
for the element ipi ® ipj G M*(G); then H*{G) is the commutative graded algebra generated 
by polynomial classes x, y of degree 1 (coming from the two factors of G) and the classes ipij 
subject to the relations 




if j > 1, 
otherwise, 

ifj>l, 
otherwise, 



The total square on (po is given by Q{ipQ) = cpi + (y52 + • • • , see Example 11.21 By the theorem, 
the total square on ipo (x) ipo ^ (ySoo G H*{G) is given by (3(<poo) — X^j j>i fij- More generally we 
get the formula 

k + i\ fl+j 



k,l>0 



Qi^ij) ^ X! ( j( j j<^2i+fc+l,2j+i + l 



In particular Pq = and Pi((p,;j) ~ <p2i+i,2j+i- 
In the same spirit we can prove: 

Corollary 1.8. // a group G is a direct product of r groups of order divisible by p, then Pj 
vanishes on elements of negative degree for all j < (for all j < r — 1 if p — 2). 

Proof. Let G = GiX- • -xGr, and take an element of the form a — ai®- • -igjar with G i?l°'l(Gi) 
and \ai\ < 0. Then \a\ = |ai| + ■ • • + \ar\ + r — 1. Now Q{ai) is a sum of elements of degrees 
at most p\ai\, and therefore Q{a) can be written as sum of elements b = bi ® ■ ■ ■ ® br with 
< pjoil, so that 

|6| = + ■ • ■ + \hr\ + (r - 1) < p|ai| + ■ • • + p|a.| + (r - 1) = p\a\ - {p - l)(r - 1). 
This implies the result. □ 



Remark 1.9. Notice that, unlike the ordinary Steenrod operations [7], the operations Qi are not 
compatible with transfers. For instance, if we embed K = Z/2Z x {0} C Z/2Z x Z/2Z = V ^ 
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then the diagram 



H-\K)^H-\K) 



#0 



cannot commute. 

1.1. Notations and conventions. Throughout the paper, p is a prime number and fc = Fp is 
the prime field of characteristic p. Some of the results also hold for arbitrary fields of charac- 
teristic p, but then certain fc-vector spaces have to be twisted by the Frobenius map. Groups 
labelled G, if, L are assumed to be finite. All modules are right modules, unless mentioned 
otherwise. We will mainly work in moS-ZcG, the category of right fcG-modules, with its tensor 
product (g) and internal Hom-object Homfc obtained from the Hopf algebra structure on fcG. We 
will use several known results about projective modules without further notice (e.g., projective 
is the same as injective, the tensor product of a projective and an arbitrary module is projective, 
and arbitrary products and sums of projectives are projective). The ground field k is considered 
as an object in moXi-kG by the trivial G-action. We denote by moO -fcG the stable module cate- 
gory, obtained from moO-fcG by dividing out those morphisms which factor through a projective 
module. Homomorphisms in moO -fcG between modules X,Y are denoted by Hom fX, Y). The 
category moD -fcG is a triangulated category with shift functor E = and Tate cohomology 
can be defined as iJ"(G) = Hom (r2"fc, k). with the composition product as multiplication. A 
morphism X Y in moO-fcG is called a stable equivalence if it induces an isomorphism in the 
stable category. See [3] for an introduction to the stable module category. 

Notice that, in this paper, we use the notation ® for the internal tensor product ®k of moO-fcG, 
but Horn is used for the A:- vector space of /cG-linear maps, that is, Horn = Homfcc. Furthermore, 
the symbol d is used for the differential of chain complexes over fcG, whereas d often denotes the 
differential of cochain complexes over fc. 

1.2. Plan of the paper. In ^ we will construct the Eoo operad acting on HomfcG(P, fc) for a 
projective resolution P of the trivial fcG-module fc. We also compare the Dyer-Lashof operations 
obtained from that action with the usual Steenrod operations that we have on ii * (G) = H* (BG) , 
thereby completing the proof of Theorem 11.11 In ^ we prove Theorem 11.61 about products 
of groups. In §31 we give a description of negative Tate Ext-groups in terms of complexes of 
projective modules, a tool we need for the proofs in the later sections. The duals of certain 
operations are shown to commute with the Evens norm map in ^ where we also show that our 
operations are non-trivial in negative degrees. Finally, in the last section we provide a criterion 
(Theorem 16. 2p for Tate cohomology classes to be productive in the sense of Carlson. 

1.3. Acknowledgements. Most of the paper evolved from parts of my PhD thesis written at 
the University of Bonn under supervision of Stefan Schwede. 1 would like to thank him for 
suggesting that project, and for his interest and helpful comments on this paper. Furthermore, 
1 would like to thank Wolfgang Liick for the financial support. 

2. The operad 

2.1. Resolutions. Let fc be a field of characteristic p, and let G be a finite group. Let M 
be a fcG-module. A complete projective resolution of AI is a long exact sequence of projective 
fcG-modules 

• • ■ i P-2 i P-i < Po Pi < P2 < 

di 
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such that e is the cokernel map of di. The map e is called augmentation and can be viewed as 
a chain map e : P ^ M, where M is regarded as a complex concentrated in degree 0. If is 
another module, then a map e' : Pq N (or, equivalently, a chain map e' : P ^ N) will be 
called quasi- augmentation if there is a stable equivalence f : M ^ N such that f o e — e' . 
There is a dual notion using injectives. A complete injective resolution of M is a long exact 
sequence of injective fcG-modules 

■ • ■ < 1-2 < I-i ^ — lo < h < h < 

M 

in which rj is the inclusion of the kernel of Oq. The map rj is called coaugmentation and can be 
viewed as a chain map rj : M ^ I. If N is another module, then a map rj' : N ^ I will be called 
quasi- coaugmentation if there is a stable equivalence f : N ^ M with rj o f — rj' . 
Since projectives are the same as injectives, the notions of complete resolutions only differ in the 
position of the resolved module M. If P is a complete projective resolution of the trivial module 
k, and N is another /cG-module, then the cohomology groups of the complex Homfe(3(P, TV) 
define the Tate cohomology of G with coefficients in N, that is, H"{G; N) = iJ" HomkciP, N). 

Proposition 2.1. Let P and Q be complete projective resolutions, and let e : P ^ M be a 

quasi- augmentation. If for some chain transformation f : Q ^ P the composite Qq Pq ^ M 
is zero, then f is null-homotopic. The corresponding statement holds for injective resolutions. 

We omit the straightforward proof. 

Whenever C is a cochain complex of fcG-modules, we define the dual complex as (C^)„ = 
Hom(C'_„,A;) with the induced differentials. If P is a complete projective resolution of M 
with (quasi-)augmentation e, then P^ is a complete injective resolution of with (quasi)- 
coaugmentation , and the same is true with the roles of projective and injective interchanged. 
Let k be the trivial fcG-module, and choose complete injective resolutions / and /' of k with 
coaugmentations 77,77'. The tensor product I <i!) I' is defined to be the complex with modules 
(J ® I')n = li ® I'j and differential 9/®/' = i9/ Cg) id + id ^dp (note here that evaluation 

of the differential involves the usual sign, i.e., (id ®d){x ®y) = (— l)'^'a; ® dy). It is known that 
the tensor product I® I' is a complete injective resolution of k with quasi-coaugmentation 77 (g) 77' 
(see Uni, §8). 

Now let P and P' be complete projective resolutions of k, and assume that all modules Pi, Pi 
are finitely generated. Let us define a new tensor product PMP' — {P"^ ®P''^Y ; more explicitly, 
(PK1P')„ ~ Y\i+j=n Pi®P'j- By the considerations above, this is a complete projective resolution 
of k with quasi-augmentation eM e' : P M P' ^ k. These definitions and observations can be 
generalized to Kl-products of finitely many complete projective resolutions. 

Remark 2.2. The Kl-product can be used to define the multiplication on Tate cohomology. By 
usual homological algebra, the identity map on k can be lifted to a commutative diagram as 
follows: 

P^->PKP 
k k 

Such a lift is unique up to homotopy. A more explicit construction of A is given in the proof of 
Theorem 4.1 in [5j, XII, where it is also shown that A induces the Tate cohomology product in 
the following way: given cycles f,g& Hom^Q(P, k) we get a cycle (/ Kl 5) o A e IIom^.Q(P, k) 
representing [/] • [g]. 
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2.2. Motivation for the definition of the operad. Let P be a complete projective resolution 
of k by finitely generated fcG- modules. Before we start with the actual construction of an E^o- 
structure on Hom^(5(P, fc), let us point out a major issue in the construction of power operations 
which does not turn up in the case of ordinary cohomology H*{G). For simplicity, let us assume 
that p = 2 throughout this motivational part. Let us naively transfer to Tate cohomology the 
construction of Sqj^ as it is done in ordinary cohomology. We know that the identity map of k 
can be lifted to a map A : P ^ P^^ as in Remark l2.21 and any two such liftings are homotopic. 
Therefore, if T denotes the twist map of P^^, then we know that (1 — T) o A is the boundary 
of some map Ai : P — P^^ of degree — L li P k is a, chain map of degree n representing 
some cohomology class [C] S H^{G), then we know that o Ai is a chain map of degree 2n, 
and we could define Sq]^(C) to be the class represented by that map. The problem is here that 
there is an ambiguity in the choice of the map Ai, and any two such choices differ by a chain 
map P P^^ of degree —1. Therefore, Sq]^(^) is only well-defined up to some element in 

• H^^{G). This problem does not occur in ordinary cohomology simply because H^^{G) is 
zero. We therefore have to rigidify our choice of Ai in order to get actual operations. To do 
so, observe that a chain map P ^ P^2 

gree —1 certainly represents the zero class if the 
composite P_i (P^'^)o ^ Po ® Po ^ ^ vanishes, so that one possibility is to require the map 
P_i Pq ® Pq to be zero. The next step is to elaborate this idea, and because we want an 
i?oo-structure, we need to do so in an 'operadic' way. 

2.3. Definition of the operad. As before, let P be a complete projective resolution of k by 
finitely generated /cG-modules. We are now going to define an acyclic operad which acts on 
Hom^(2(P, fc). To do so, we will work in the category of (increasing degree) differential graded 
modules over k (or, equivalently, the category of cochain complexes of fc-vector spaces) with 
its symmetric monoidal tensor product ®. Recall that if X and Y are chain complexes of 
fcG-modules with differential 9, then we get such a differential graded module Hom* (X, Y) by 
defining 

Hom"(X, y) = n HomfeG(^n+j, IS) 
with differential d{J) = 9/ - (-l)"/9. 

Let us recall some basics about operads; see, e.g., [11] for an introduction. A symmetric operad 
C is given by a differential graded module C{j) for every integer j > together with a Sj-action, 
equivariant structure maps 

C{j)®C{ii) ® . ..C{ij) C{ii H 

for all j, zi, . . . , ij, and a unit map k — > C(j) for each j; all these maps have to satisfy certain 
coherence diagrams. A typical example of such an operad is the so-called coendomorphism- operad 
= Hom*(P, P^J) for j > 0, whose structure maps are given by 

Hom(P, P^^) (g> Hom(P, P^'') (g> •••(g) Hom(P, P^*^ ) ^ Hom(P, p^(*i+-+^^)) 

We have written • here because we want to stress that the Koszul sign rule also applies to 
this situation; whenever a and b are composable maps of certain degrees, we write a • b for 
(_l)|i||fc| . Q Q gQ {}ig^^ expressions like b ^ a i-^ a • b indeed yield maps of chain complexes. 
The symmetric group acts on P^-' by permutation of the factors (note that this also involves 
the usual signs), and we therefore get an action of on Hom(P, P^^). The unit map k — 
Hom(P, P) is given by the identity of P. The operad we are up to will be a sub-operad of the 
coendomorphism-operad J-. 

An operad C is called unital if C(0) = k. In that case, the C(j) have augmentations coming from 
the operad structure maps 

C(j)=C(i)®C(0)^"^C(0) = fc. 
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The operad is called acyclic if the augmentations are quasi-isomorphisms of chain complexes. 
An operad C is called an Eao-operad if it is acyclic and for every j, C{j) is free as a fcSj-module. 
A differential graded module A is called a C-algehra if there are structure maps 

for every j > which are associative, unital and equivariant (see [TT], §2 for details). Our 
goal is to define an acyclic operad C (and later an i^oo-operad) and a C-algebra structure on 
A = Hom*(P, k). This structure can then be used to define the operations Qi on H*A = H*{G), 
and also for proving most of Theorem 11.11 

Let us begin with the definition of C. For every non-negative integer j, we define a differential 
graded submodule C(j) of Horn* (P, P^-' ) as follows: 

C(j)'" = for m > 0, 

C(jr = {/eHom"(P,P^-') I df = 0} 



cur = {f ^ Hom" (P,P^^) 



Pi ^— ^ Psi ® Ps2 «) ■ • • vanishes I for m < 0. 

for all i < and all si, . . . , Sj > J 



In order to check that C(j) is indeed a differential graded submodule, we have to prove dC(j)"^ C 
C(j)'"+^. This is clear for m > —1, and in case m < —1, the map Pi p™^"*^-^) p^^ ^ . . -(gP,^. is the 

sum of Pi -> Pi-i > Psi'Si- ■ ■'SiPsj and maps Pi > Ps^®- • -^Pst+i®- ■ ■(E)Psj > 

Psi <E> ■ ■ ■ ^ Ps-, all of which are zero by assumption. 

Next we show that C is a sub-operad of the co-endomorphism operad J^. In order to do so. we 
only need to show that it is closed under the structure maps, the S-action, and the unit. The 
latter two are immediate consequences of the definition, so let us take g € C{j), fi € C{ji) for 
i = 1, . . . , j and prove that {fi M ■ ■ ■ M fj) • g G C{ji + ■ ■ ■ + jj)- If one of the chosen elements 
is of positive degree, then the composition is zero. If all the chosen elements are of degree zero, 
then they are chain transformations and so is the composition. Now we can assume that the 
composition is of negative degree, and we have to show that the composite 

Pi Ps, (E) ■ ■ ■ (E) Ps, ^'^"'^^') Pj^_^ (g) ■ • ■ Pt, ^^ ® • ■ • ® Pt^ , (g) ■ • ■ ® P, 



j.ji 



fi 

is zero for alH < and i/,„ > 0. If s; is negative, then Ps, — Pt, ^ ® • • • ® P*, vanishes and so 
does the composition. But if all the s;'s are non-negative, then g is zero, so we are done. 
The operad C is unital, that is, C(0) is isomorphic to k concentrated in degree 0. Here we use 
the convention P^° = k; then C(0)™ = unless m ~ 0, in which case 

C(0)° = {/ e Hom°(P, fc) I d/ = 0} ^ fc (e) . 

So we get augmentations C{j) = C{j) ® C{Oy C(0) ^ k given by postcomposition with e^^ . 

2.4. Acyclicity of the operad. We are now going to show that the augmentations C{j) — ?> k 
are quasi-isomorphisms. 

To do so, let us consider another complete projective resolution Q oi k, constructed as follows. 
Let us define P+ to be the non-negative part of P, that is P+ = P„ for n > with the induced 
differentials. Then k ^ P+ is an acyclic augmented complex, and by the Kiinneth theorem 

k < (p+)®J is also acyclic. Next, we define a complex ■ • • ^ P_2 ■(— P-i ■(— Ro by setting 

Rn = Pn for n < and Rq ~ k, the differential P_i <— Pq being the coaugmentation of P. 
Then R is acyclic, and by the Kiinneth theorem R^^ is also acyclic. Note that (P'^^)o = fc, so 
we can splice the complexes R®^ and k <— (P+)®-J to get a complex Q, which then is a complete 
projective resolution of k. There is a chain map $ : P^-' — > Q which in non-negative degrees is 
given by projections, and in negative degrees the maps 

Ps^®Ps2®■■■® Ps, Rs^®Rs2®---® Rs, 
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are zero unless all the Sj's are non-positive, in which case the map is the tensor product of 
identity maps and the augmentation e : Pq ^ Ro = k. 

Since the composition P^^ — > Q ^ k equals the quasi- augmentation e^^ , we get that $ is a 
chain homotopy equivalence. Therefore, the induced map A : Hom*(P, P^-? ) — >■ Hom*(P, Q) is a 
quasi-isomorphism. Moreover, A is surjective because $ is levelwise onto. 

Proposition 2.3. Suppose that X : A ^ B is a surjective quasi-isomorphism of differential 
graded modules, and let C 'Z B he a differential graded submodule of B. Then the restriction 
A : A^^(C) C is a quasi-isomorphism as well. 

Proof. Let us denote by K the kernel of A. Since A is a quasi-isomorphism, the long exact 
sequence in homology implies that H*{K) = 0. Since K is also the kernel of A |a-i(C)) using the 
long exact sequence in homology again we get that the restriction of A is a quasi-isomorphism. □ 

Now the idea is to choose a dg submodule C of Hom*(P, Q) quasi-isomorphic to k, and such 
that A~^(C) is (close to) our C{j). Define: 

C" = for m > 0, 

CO = {/GHomO(P,Q)|d/ = 0} 

= {/ G Hom™(P, Q) I Pi A Qj is zero for alH < < j} for m < 0. 

Then C is indeed a dg submodule of Hom*(P, Q). 
Proposition 2.4. We have H*{C) ^ k. 

Proof Clearly, i?'"(C) = for m > 0. Let m < 0, and let / G C" be a cocycle. Define 
g : Pj+TO_i — >■ Qi to be zero for all i = 0, 1, . . . , —m. By common homological algebra we can 
extend 5 to a chain nuU-homotopy for / (the conditions needed for the inductive construction of 
g is that dgd = / at the two boundary points of the domain on which g has been defined, and 
this condition is clearly satisfied). Then dg = f with g € C, and hence H"^{C) = for m > 0. 
Finally, we claim that the image of d : — >■ C° is the same as the image of d : Hom~^ (P, Q) — > 
(then it follows that iJ°(C) ^ H°{G) ^ k). Let / G Hom-^(P,Q); then the bottom row in 
the diagram 

Po > Pi — U Qo > Q-i 




k >k 



is stably trivial and therefore the zero map (we assume here that \G\ is divisible by p, which is the 
only interesting case). Therefore the upper row vanishes, and by usual homological algebra there 
is a cocycle g G Hom~^(P, Q) with fo=go- P-i Qo- Then f — g G and d{f — g) = df, 
so we are done. □ 

We finally use a method of chopping off the positive part of a dg module. Given a dg module 
A, define F{A) to be the dg submodule given by 

{0 ifm>0, 
cycles of A° if m = 0, 
A™ if m < 0. 

(This can be viewed as the (co)connected cover of A.) Then the inclusion F{A) C A induces an 
isomorphism H*{F{A)) = H*{A) in non-positive degrees. 

Proposition 2.5. The augmentation C{j) k is a quasi-isomorphism. Thus, the operad C is 
acyclic. 
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Proof. Note that C{j) = F(A-i(C)), so that H*{C{j)) ^ H*{C) = A: by Proposition Since 

there is a cocycle / G C(j)° such that P — > — !■ k equals the augmentation e, the map 
C(j) — > fc is onto in H'^ and therefore a quasi-isomorphism. □ 

For every operad A, the module A{Q) is an algebra over A via the action map A{j) ® ^(0)*^^ — J> 
^(0). In particular, Hom*(P, k) is an algebra over the co-endomorphism operad Hom*(P, P®^), 
and we can restrict the operad action to the sub-operad C. Hence, Hom*(P, k) is a C-algebra. 

Proposition 2.6. The operad C induces an Eoo-structure on Hom*(P, fc) in such a way that 
the product on iJ*Hom*(P, fc) agrees with the composition product oj the Tate cohomology ring 
H*{G). 

Proof. The operad C might itself not be S-free, so we have to choose an approximation of C by 
an £^oo-operad. One possible way of doing so is to choose an arbitrary _Eoo-operad £' and tensor 
its augmentation £' ^ k with C. Then £ = C (E> £' is an £'oo-operad acting on Hom*(P, fc) via 
the action of C pulled back along the morphism of operads f — >■ C. The statement about the 
product follows from the fact that the element A e C(2)° C Hom°(P, PKIP) given in Remark l2.2l 
generates the cohomology H^{C{2)) and induces the right product on H* Hom*(P, fc). □ 

2.5. Comparison with Steenrod reduced powers. For the proof of part ^ of Theorem ll.il 

we need to recall the construction of Steenrod operations in the cohomology of cocommutative 
Hopf algebras. Let P be an ordinary projective resolution of fc, viewed as a complex ■ ■ ■ <— 
Po ^ Pi ^ .... Then P®-' is a projective resolution of fc for all j. Consider the suboperad 
A{j) = P(Hom(P, P®^)) of the coendomorphism-operad Hom(P,P®''). Then A is acyclic, and 
Hom(P, fc) is an ^-algebra in the obvious way. Using an .Eoo-approximation of A., this operad 
action defines the Steenrod operations on H* Hom*(P, fc) = H*{G). 

Extend P to a complete projective resolution P of fc. We are now going to write down a quasi- 
isomorphism of unital operads C A. Let us begin with a function ^ which maps an element 
/ e Hom* (P,P^-' ) to the element in Hom*(P, P*®^ ) given by the composition 

p p p^j ^^''^ p^j 

Notice here that the inclusion map l is not quite a chain map; its differential di in Hom(P, P) 
is zero everywhere except for Pg P-i- On the other hand, the projection map tt is a chain 
map, and therefore 

d{7rfi)^7rd{f)L±TTfd{i) 

in Hom*(P, P®-'). Now assume that / G C(j); then either / is of non-negative degree, in which 
case 7r/(i(t) is zero (because tt vanishes in negative degrees), or / is of negative degree, but then / 
is zero as maps P_i — >■ P^j Ps2 <8> • • • ® Ps for all > 0, and tt is zero on all other factors of P^^ 
of interest. Hence d{^{f)) = '^'{df), so that ^ restricted to C(j) is indeed a map of dg modules. 
We get a map ^ : C — > ^ of unital operads, and we need to show that \1/ commutes with the 
augmentations of C(j) and A{j). This follows from the following commutative diagrams: 

p '-^ p pSj — f p0j 

fc 

Proof of Theorem Everything except part is a consequence of Proposition 12.61 and the 
fact that -structures can be used to construct power operations with the desired properties; 
see, e.g., I.§7 in [TT], I.§1 in [6], and [TS]. For part ([9]), note that by construction of the operations 
Qi via C and the Steenrod operations via A we get the desired statement for n > 0. To prove 
Q-n{x) ~ and /3(3_„(a;) = for ?i < it is enough to notice that for elements / in C{p) we 
have that / : Pnog — > P^f vanishes. □ 
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3. Products of groups 

This section is devoted to the proof of Theorem 11.61 Let G be any finite group whose order 
is divisible by p. As a first step, we shall define a new operad action defining some power 
operations on M*(G). In the second step we prove that these operations agree with the Dyer- 
Lashof operations coming from H*{G). 

Let P be a complete projective resolution of fc as a fcG-module. We denote by P the complex 
••■ -h- P_2 P-i -(r- 4— with the P_i sitting in degree and with differential 
dp = —dp, and let r; : fc — > P be the coaugmentation. For j > 1 define the differential graded 
module B{j) = P(Hom*(P, P^^)). Also put B{0) — fc; we want to turn B into a unital operad, 
so we need to define the structure maps 

7 : B{j) ® B{h) (g) ■ • • ® B{ij) B^h + ■■■ + ij). 

As long as all is's are positive, we simply take the usual structure maps of the coendomorphism- 
operad Hom*(P, P®^). If one of the ig's is zero, then we put 7 = unless ii — i2 = ■ ■ ■ = ij = 0, 
in which case 

(3.1) 7 : B{j) (g) B{0)^^ = B{j) Romkoik, k) ^ k ^ B{0) 

sends a chain map P — )■ P®-' in B{j) to the induced map fc — > fc®-' = fc on zero-cycles. It is now 
straightforward to check that B is indeed a unital symmetric operad. Also, B is acyclic because 
by usual homological algebra the augmentations B{j) — ?> fc are quasi-isomorphisms. 
Now IIom*(P, fc) is a S-algebra, so we get Dyer-Lashof operations on H* IIom*(P, fc) = AI*{G) 
which we are now going to compare with those obtained from C. Let L e Hom\P,P) be the 
inclusion, and let tt £ Hom~^ (P,P) be the projection map. Then dt — 0, but dir ^ 0. Let K be 
the cochain complex of fc- vector spaces generated by an element x of degree —1 which is mapped 
by the differential to a non-trivial element y in degree 0: 



■ • ■ i < fc (y) < fc {x) < < 

y < IX 

Let Y — K'^P, and then define the augmented cochain complex X by the formula Xi = 
for all i < with augmentation Xq Yq — k (y^). Then X is an acyclic augmented complex 
of fcEp-modules. The map of cochain complexes K — > Hom* (P,P) given by a; n- tt induces a 
map of cochain complexes ip -.Y IIom*(P^'', P®p). Let us define a : X (g) C(p) — > B{p) by the 
formula a{v ® f) = {—l)^^^ip{v) o / o t (the sign coming from shifting Y to X). 

Proposition 3.2. The map a : X ® C{p) — >■ B{p) enjoys the following properties: 

(a) it is a Yip-equivariant cochain map lifting the identity of k, 

(b) for every f £ C{p) we have a{xP ® f) = (— l)'-'''7r^^' o f o l, and 

(c) for every element w S A" ® C{p) of bidegree {m,n) with m > — p + 1, and for every 
cocycle a G IIom*(P, fc), we have 'y{<7{w) ® a®^) = 0, where 7 is the operad action of B 
on IIom*(P, fc). 

Proof, (b) follows directly from the definition. To show (c), let w = wi(S) ■■■ ®Wp(E) f G X(E)C{p) 
with Wi G {x, y} for all i. Up to a sign, 7((t(w) (g) a®^) is given by the composition 



where Ui — n ii Wi ^ x and Ui = dn if Wi — y . From the condition on the bidegree of w we know 
that at least one of the u^'s equals dir, so that a o Uj = 0, which implies (c). 
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For (a), let / G C(p) be a cocycle in degree mapping to 1 under the augmentation C{p) 
then consider the following diagram 




•7rKI(d7r) 



All smaller parts commute, and since Pq k'ls surjective we can deduce that the exterior square 
commutes. Therefore, a indeed lifts the identity of k. Also, a is Sp-equivariant and is a cochain 
map because du =^ 0, so (a) is proved. □ 

Proposition 3.3. The operad action of B on Hom*(P, fc) and the action of C on Hom*(P, fc) 
define the same operations on M*{G). 

Proof. Let e : X — > k[l — p] be the fcSp-linear chain map given by x'' i— 1, and define t = 
e (g) idc : X (S)C{p) — > C(p) [1 —p]- By suitably shifting the action of C{p) on the negative part of 
Hom*(P, fc) we get a map defined by 

^ " ->Hom*(P,fc) 

, (_l)l/Kk'l + l)^t, O TT^P o / o t 



7C :C(p)[l 



p] Hom*(P,fc)« 



for all / G C{p)[l — p] and w € Hom*(P, fc)®^. The sign is due to the Koszul sign rule, and 
the check that this is indeed a map of chain complexes uses the fact that a o (dir) = for all 
a € Hom(P, fc). Now 7c can be used to construct the power operations on M*{G) as follows. 
Let W be the standard free resolution of the trivial fcCp-module k (where Cp denotes the cyclic 
group of order p), so that Wi is generated by a single element e^. Since X ^C{p) is an acyclic 
augmented complex of fcCp-modules, we can lift the identity of A; to a Cp-equivariant chain map 
{) : W —i' X ® C{p). We then have a diagram like this: 



w- 



-^X(g) C{p) ' 



C(p)[l-p] 



For cocycles a £ Hom*(P,fc), define Df{a) to be the cohomology class of the cocycle 7c(Ti?(ei) (g) 
a'P) e Hom*(P, fc), and define Df{a) to be the class of 7B(cri?(ej) ® qP) G Hom*(P, fc). We need 
to show that Df ~ Df , and for this it suffices to prove the identity 

7e(o'(w) ® aP) — 7c(t(w) ® a^) 

for dl\ w G X ® C{p) and a E Hom*(P, fc). We can write w — xP (S> f + J2i ® fi with Ui E X 



of degree \ui\ > 1 — p, and /, fi EC{p). By Proposition 13 . 21 we have that 

7b(ct(w) eg) aP) ^ -fB{<j{xP /) ® aP) = (-l)l-^l7s((7r^^ o / o /,) (g) a^) 

On the other hand, 7c(t(u') (g qP) — 7c(/ Cg aP), and all these expressions equal (— l)l./^l(l''''l+i) 
times the composition 



P ^ P U P^ 



fc. 



□ 
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Proof of Theorem ] 1.61 Let us write G — Gi x G2- Choose complete projective resolutions P and 
Q for k as trivial kGi- and A;G2-niodule, respectively. Then k P is the negative part of a 
projective resolution of k as fcG-module. We denote by B'-^^ , B'^^ and B'^ the operads constructed 
above using these resolutions; then we get a quasi-isomorphism of unital operads B'^^®B'^^ -> B'^ 
by tensoring morphisms. Let us denote by Ai = Hom^g^ (P, fc), A2 = Hom^g^ (Q, fc) and 
A = Hom^Q(P ® Q, k) the corresponding ;B-algebras, then the commutative diagram 

B^^^ [p) ®A\® B^^ (p) ® AP > Ai ® A2 

B^{p) (g) AP > A 

implies the desired result. □ 



4. An alternative description of negative Ext-groups 
Let n > 0. It is well-known that Ext^g.(A, i?) = Hom ^.g(17"A, B) admits a description via 

extensions of B by A. We will now give a similar description of Ext^.^. {A, B) = Hom ,,.g (A, Q^B), 
which will be used throughout the next two sections. Let us define a category A^„(A, B), whose 
objects are all the chain complexes 

C: A^Pn^ Pn-i -^...^Pi^B 

with projective modules Pi, P2, . . . , Pm and a morphism of two such complexes is a commutative 
diagram as follows: 

C A > Pn > Pn-i > > Pi > B 



C A > K > K-i > > Pi > B 

For objects C and C", let us write C w C" if there is a morphism C ^ C in /C„(A, _B). 
Define the relation ^ on lCn{A,B) to be the equivalence relation generated by w, and put 
Kn{A, B) = lCn{A, B)l ~, the connected components of /C„(A, B\ 
Let us fix a projective resolution of B: 

(4.1) P : — > VC'B P„ — > Pn-i — > ... — > Pi — > B — ^ 

Theorem 4.2. The map $ : HomkciAjfl"^ B) — S> /C„(A, _B) which associates to each map 
f : A ^ fl"'B the complex A -^^^ P„ — > P^-i Pi -B induces a bijection 

Hom /„g(A. fl" B) Kn{A,B) which is natural in G. 

To prove this, we need the following proposition. 

Proposition 4.3. Suppose we are given two finite chain complexes A = (0 ^ An+i —>•••—> 
Aq — S> 0) and P = (0 — ^ P,i+i —>■•■—)■ Po ^ 0), where Ai is projective for i = 1,2, ... ,n, and 
B is exact. Let f,g:A^B be chain maps satisfying fo — go • ^0 • Then the classes of 

fn+i o,nd gn+i Homj,(5(A„+i, P„+i) are the same. 

The proof is standard homological algebra, and we omit it. 

Proof of Theorem \4./^ As a first step, we show that $ induces a map Hom ^.g(A, Vt^B) — > 
Kn{A,B). Suppose we are given /' G HomfeG(^, ^^"-B) such that f ~ f factors through some 
projective module R: 

f ~f: A R r!"P 
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Then the complexes <&(/) and $(/') differ in their first map only; let us denote these by a, a' 
A — > P„, respectively. From the commutative diagram 



A- 



{<x u) 



Co") 



^Pn®R 



it) 



^Pn-1 



^Pn- 



' id ^ 

^ dow J 



A- 



-^Pn 



^Pn-1 



B 



B 



■^B 



we get that $(/) ^ <&(/')• Therefore, we obtain a map Hom ^.gfA. 17" _B) Kn{A, B) which we 
also denote by $. 

To construct an inverse for $, start with some object C = (A — ^ B) £ lCn{A, B). Since the 
Qi& are projective and (|4.ip is exact, we can lift the identity on i? to a map of chain complexes 
f:C^P: 



A- 



Qr. 



^Pn 



Pn-l 



-^B 



-^Pi 



^B 



By Proposition 14.31 the stable class of the resulting map fn+i ■ A il"B is independent of the 
choice of the lift; let us write '^{C) — fn+i S Hom ^gfA. B). Suppose we are given a morphism 
g : C —> C in /C„(A, B). Then f o g is a lift of the identity on i? to a map of chain complexes 
C" — > P. Since gn+i = id-A, we have 5'(C") = (/ o g)n+i = fn+i = ^(C)- Therefore, we have 
constructed a map \1/ : Kn{A, B) Hom ^.^(^. ri"B). The proofs of \l/ o $ = id and $ o = id 
are immediate. □ 

Example 4.4. Suppose that p divides the order of the group G. Then it is known that H^^{G) ^ 
Hom ^.^ffc, ilk) is isomorphic to k. Under the bijection of Theorem 14. 2 [ a canonical generator of 
that vector space is given by the complex 



k — >kG- 



-^k 



where e is the augmentation of kG. 

Proposition 4.5. Suppose we have a commutative diagram 

A > Pn > > Pi - 

a 

-> D > En > • • • 



->5 



0- 



El 



->0 



in mod-kG. Assume further that the Pi 's are projective, so that the upper row represents some 
element a G Hom ;,.gfA. Vt^B), and assume that the lower row is exact, therefore representing 
some element /3 G Hom /,g (r^"C. D). Then the diagram 



A- 



-n"G 



commutes stably. 
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Proof. Choose projective resolutions fl"'B — > Q.^, 
'projective to acyclic'-argument, we get a diagram 



A' 

'I 



B and f^"C ^ C. By the usual 



B 



QJ'B- 
D- 



B 

1' 

C 
C 



where a and /3 are unstable representatives of a and /3, respectively. The result follows from 
Proposition 14.31 □ 



Remark 4.6. Suppose we have an exact sequence A ^ P„ • • • — > Pi ^ i? with projective 
modules Pi , . . . , P„ . Then we can view this as an extension representing some stable isomorphism 
f2"P — > A\ but we can also consider this as an element of /C„(A, P), representing some stable 
isomorphism A D," B: by the previous proposition, the two maps are stable inverses of each 
other. 

We have a composition product /C„(P,C) x ICm{A,B) — > JCn+m{A,C) similar to the Yoneda 
splice: given E : A ^ P^, ^ B and P' : P — > — C we define P' o P to be the complex 



P'oP 



A^P* 



B 



C. 



This product is compatible with the equivalence relation and therefore induces a product 

X„(P, C) X Km{A, B) ^ K^+^{A, C). 

Proposition 4.7. T/ie composition products on if* otic? Ext^.^ coincide under the bijection of 
Theorem [ 



Proof. Let us start with complexes A — P* — > P and B ^ Q^, C representing stable maps 
a : A — > r2™P and (3 : B ^ i7"C, respectively. Choose projective resolutions ft^C — ?> P* — ?> C 
and n^+^C ^ T, ^ il"C. Then we can lift the identity map on C to commutative diagrams 
as follows: 



A- 



->P* 



-^P 



B 



7 



/3 



/3 



-4P* 



Here, (3 and 7 are unstable representatives of (3 and some 7. Note that the extension f2"+'"C — ?> 
rj"C represents the identity map id G Homj.Q(rj™rj"C, r2"+™C). By Proposition g^l 
the left diagram shows that 7 — /3a. After splicing the two diagrams the result follows from 



Proposition 14.31 

There is also a way of composing an element x G Extj.Q {A, B) given as a complex A ^ P^ 

— ■ — m 

with an element of y G Extj.Q(P, C) (with m > 0) given as an extension C Af* ^ P: 
Proposition 4.8. Suppose m < n. The identity map of B can be lifted to a diagram 

A > Pn > > Prn+1 > P„i > > Pi > B 



□ 
P 



C 



-4- M„ 



-4 Ml 
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and for any such lifting, the complex A ■ 

m— n 

sition y ■ X e Ext^.^ [A, C). 



P. 



Pm+i > C represents the compo- 



Proof. Existence of the lifting is common homological algebra. For the second statement choose 
a projective resolution f2"~™C — > i?.* — > C; then we have the following commutative diagram: 



^Pn 



A- 



P 



m+1 



^Pr 



C 



P^ 



Ml 



B 



B 



The complex in question represents the stable class of the map 7. The bottom row represents 
y G Hom /,.gfr2"i3. rj"~™C), the upper row represents x G Hom /,.g(A. il^B). The result follows 

□ 



from Proposition 14.51 

Proposition 4.9. Suppose that we have a commutative diagram 

A > Pn > > Pi > B 




with projective modules Pi, Qi for i = 1,2, ... ,n. Then the rows represent maps x : A 
and y : j4' — > ^l"" B' , respectively, and y o f — ^^(g) o x in mod -kG. 



n"B 



Proof. Choose a projective resolution il^B' 
a diagram 

A 

4 

A' 

•1 



i?* —>£?'. By usual homological algebra, we get 



i 



-^B 



I 



^B' 



and then the result follows from Proposition 14.51 



□ 



Remark 4.10. There is a similar statement for extensions. Suppose that we have a diagram 
as in Proposition 14.91 but this time with exact rows and the Pi 's and Qi 's are not necessarily 
projective. Then the rows represent maps x : Vl'^B — s- A and y : f2"_B' — > A' , and f ox = yoil'^(g) 
in m&O-kG. 



Remark 4.11. li k ^ Iq Ii Ij is an injective resolution and A : Ij 

some cohomology class in H^^^^G) = Hom(/, k), then the complex k Iq - 
represents the same class. 



k represents 
■ ■ ^ Ij ^ k 



5. The Evens norm map and the dual operations 

In this part we are going to show that some of the dual operations Q* on ordinary group 
cohomology are compatible with the Evens norm map in certain cases. For simplicity we restrict 
to the case p — 2. Recall (see e.g. [IJ, § 4.1) that the Evens norm map is a function 

normA'.G : H'iK) H'"{G) 

for all i > 0, where G is a finite group and K < G is a. subgroup of index n. It can be defined as 
follows: let x € W{K) = Ext^^(fc, fc) be represented by an exact sequence k = Ei ^ £"2-1 — 
•••—?> i?o —> fc, which we think of as an augmented complex E ^ k. Then define a;**" to be the 
augmented complex E®"^ — > k, which is an exact sequence of /c(I]„ I iir)-modules. It therefore 
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represents some class in i/"*(E„ I K). We then choose a suitable inclusion t : G ^ S„ ? if and 
define normK,G{x) = l*{x^"). 

In the following, we will often implicitly identify H*(G) with the dual of H^^^*{G) by the use 
of Tate duality. In particular, we have dual operations Q* : H^^^{G) — H^{G). 

Theorem 5.1. Let k = ¥2, and let K he a subgroup of index n of a finite group G. 
(1) For all i >0 the diagram 



W{K) 



i-f- 



^ i/"(I]„ I K) 



commutes. 

(2) If K is a central factor of G (e.g., a central subgroup or a direct factor), then for 
X S H^{K) we have that hotthk^g Qii^) — Qni(iiorm/<-.G x). 

(3) For X e H'{K) we have that Q*{x) = Q;,,{x") € H°{K). 

Remark 5.2. Recall that K is a central factor of G if and only if the product of K with its 
centralizer is the whole group G. The condition we really need for the proof of part ^ is that 
we can choose coset representatives for K in G which commute with all elements of order 2 in 
K. This is true if iiT is a central factor, but it is also true in other cases like Z/4Z C Qg. The 
condition is not satisfied for Z/2Z x Z/2Z C Ds (the dihedral group with 8 elements), and we 
will see in Remark 15. 181 that the conclusion fails in that case. 

Corollary 5.3. // the order of the finite group G equals an odd multiple 0/ 2* with i > 1, then 
the operation Qn ■ H^^{G) H^^^"{G) is non-trivial whenever n is divisible by 2*. 

Proof. Let P < G be a 2-Sylow subgroup, which is of order 2\ The commutative diagram 



i7"i(G) >H- 



'(G) 



res p_G 



H~^{P) — — ^ H-^-'\P) 

shows that it is enough to consider the case of a 2-group P. Let A' < P be a central cyclic 
subgroup of order 2; then the commutative diagram 

H2'J(P)^^i/°(P) 



W{K)^^H^{K) 

proves the claim. □ 

For the proof of Theorem l5.1l we use the following reinterpretation of Qi : H^^{G) H^^^^{G). 

Proposition 5.4. Let G be a finite group of order divisible by p — 2, and let ip e H~^{G) be 
the canonical generator. For every i >Q, the complex 



1+T 



1+T 



k 



with i + 1 projective modules kG®"^ represents the element Qi{^p) (z H ^ ''(G). Here, T denotes 
the twist map interchanging the two factors of kG®"^ , and e is the augmentation map. 
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Proof. We use the definition of Qi using tlie operad B from ^ Let P be a complete projective 
resolution of k as trivial fcG-module, where we assume that P_i = kG and k ^ P_i is the 
norm map N. Let W be the standard free resolution of k as trivial fcE2-niodule, with one 
generator ej in degree j for every j > 0. Choose a E2-equivariant chain map "if : W '^(2) 
lifting the identity of fc, and define aj : P-i-j P?i to be the degree 0-part of the map 



(g)2 

^'(ej) G 'BlZ) C Horn* (P,P ). We get a commutative diagram 



N 



> 


>P 


-2 


-^P 


-3 










Q2 


82 


>P 


»2 


-^P 


82 


-1 


1+T 


-1 1- 


hT 


-1 



1+T 



■^k 



1+T 



->P 



«>2 



-^k 



By definition, the class of A in Hom(P, k) ^ H ^ '(G) represents Qi{(p). The commutative 
diagram then shows the claim by Remark 14.111 □ 

Proposition 5.5. Let G be a finite group of order divisible by p — 2, and let v : k ^ kG be 

the norm map. If a : kG®"^ ~^ k is a map for which k — — > kG®'^ ^ k is a complex, then that 
complex represents X]geG ® g) ^ k — H~^{G). 

Proof. Let b = a(l ® g); then the result follows from the commutative diagram 



■^kG®^ 
—^kG- 



be 



-^k 



-^k 



b 

-^kG- 



-^k 



and Example 14.41 and Proposition 



□ 



Proposition 5.6. Suppose that a G S„ satisfies ~ \ and a ^ \, and let K be a finite group. 
Define the map f : Z/2Z x — >■ S„ I K to be {u,g) {a";g,g, .. .,g). Then there is some 

m > 1 such that for every x G W{K) we have f*{x®"') = x" 
H*{Z/2Z) = k[z]. 



{El%Scf{x)z\^\-T, ^here 



Proof. We can assume that a is of the form (1 2) (3 4) ... {2m — 1 2m) for some m. For every i 
and every group L denote by '^i^l the map L T.i I L given by I n- (id; 1,1, ... , I). Let h be the 
composition 

Z/2Z xK^j:2lK 1^11:^11^ ; (^2 I K) -+ Sa™ I K, 
the first map being given by (u; g) ^ (r"; g; g), where t is the generator of S2. Also let j be the 
composition Z/2Z x K ^''"^ K — ^'"'"^> E„_2m I K; then we get a composition 

Z/2Z X K ^ E2m ; K X S„_2m iK^^^lK 

which equals /. Now let x G H\K); then x®" G H'^'iY^nlK) restricts to (a;®^™) ,g, (a;^ 
H"'(E2m;i^ xE„_2™;i^). Now 



(n — 2m) 



iix^^f"^) = {resx^^r = (norm^,^/2ZxK(a;))' 



On the other hand, j*(x®^" 2™)) =0;" 2™, so it remains to show that 



norm^^2:/2Zxif(2^) 



\x\ 

E 

r=0 



Sq'^(a;)zl^ 
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which is done, e.g., in ^U, §4.4; note that this can actually be used to define the Steenrod 
operations on ordinary group cohomology. □ 

Consider the augmentation A:I]„ — fc as an augmented chain complex; then the augmented chain 
complex (E> fcl]„ — s> fc is a chain complex of right S2 x I]„-modules, where I]„ acts diagonally 
and S2 acts by permuting the factors. Let W be the standard free resolution of k as trivial 
fcI]2-module. By endowing W with a trivial right I]„-action, we can consider W ^ k and hence 
also W ® fcSn ® kYin — i> fc as augmented chain complexes of right S2 x Sn-modules. As such 
the latter consists entirely of free modules, and we can therefore lift the identity map of k to 
a map of chain complexes -d : W fcE„ fcl]„ W®", where E„ acts on VF®" by permuting 
the factors and E2 acts diagonally. Finally note that fcl]„ is a right S„ ; _R'-module via the 
projection map I^nl K and kK^" is also a right I]„ I if- module. Therefore the tensor 

product kYin kK®"^ is a right fc(E„ I ii')-module, which is free of rank one. We can now form 
the following map ^ of augmented chain complexes over fc(I]„ I K): 

W (E)S2 (fc(S„ I K))®^ W ® kK®"")®^ {W (E) fcS„ A:S„) {kK®"")®^ 

1?® twist 

{W ®S2 kK®^)®" < : W®"" ®E2 (fcif®2)®n 

twist 

In the following, we consider triples (iJ, /3, 7) where E k is an exact sequence k — Ei ^ 
Ei^i ■ ■ ■ Eq ^ k of /c if- modules, (3 : W kK®'^ E is & map of augmented chain 
complexes, and 7 is defined to be 7 = /3®" o ^. Then 7 : (A:(S„ ; K))®'^ E®"^ is a map 

of augmented chain complexes over k{T,„ } K). Define /3 to be the composite 

kK®^ ^ kK®^ ^E,^k, 

and similarly define 7 : fc(E„ IK)®'^ — > k. Furthermore, for every group L let us define the subset 
L' = {le L I P = 1}CL. 

Proposition 5.7. If {E, (3, 7) is a triple as above, then J2g£K /^(^ ^ 9) — J2g£K' /^(^ ® d) ™^ 
E/eL7(l®0 = E/eL'7(l®0- 

Proof. The formula 

(5.8) /3i(w®E2 (5®/i)) = 

holds because it is true for it; = 1 G S2 and for ui = 1 — t G A:S2 (where r is the generator of 
S2) since ^ is a chain map. The formula implies that /3(1 ® g) = P{g ® 1) — /3(1 (g) and 
therefore EgeK /^(l ® 5) = Egex' /^(^ ff)- The same proof applies to 7. □ 

Proposition 5.9. There exist constants Cn,i^a (for all a G Tin), not depending on K , with the 
following property: for all triples {E,/3,j) as above and all elements g = (cr, fci, ^2, . . . , fc„) G 
S„ ; K we have that 

7(1 ® 5) = C.aa,a ■ ^(1 ® fci) • • • ^(1 ® fc„). 

Some of the constants will be determined later in Proposition 15.131 

Proof. We can write z9„i(l (g) 1 ®(t) = Ws.i ® ••• '8'Ws,„ where J- G VF. Then 7(1 (g) 5) equals 
7(1®5) ==^/3®"((w,,i (I8)fci)) ® (w.,„ (g)E2 (l®fc„))). 

If the degree of one of the Wsj is bigger than i, then the corresponding s-th summand vanishes 
because j3 is the zero map. Therefore, we are only interested in the case where all Wsj are of 
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degree i, in which case we can simpHfy by (|5.8p 

7(1 ® g) ^ (J2 ■ ■ ■ si^s.n)) ■ <E) ki)p{l (g) fca) ■ • • p{l «) fc„) 

S 

= Cn,i,a ■ I3{1 (E> fci)/3(l ® fca) • • ■ /3(1 ® A:„), 
where c„_i,cr is some constant in k not depending on the group K . □ 

Proposition 5.10. Let L be any finite group, and suppose that f : L ^ E„ ; K is an infective 
group homomorphism and c E k is some constant. Suppose that for all triples {E, /3, 7) as above 
we have that c ■ '^g(zK l^i^ ® 5) = l^ieL^fi^ ® /(O)- Then for all x G H^(K) the formula 
Q;j*(a:®") = c • /*(Q*(a;)«") S H°{L) holds. 

Proof. We may assume that the order of both K and L is divisible by p = 2. Then we identify 
H^{K) and H^{L) with k, so that we have to prove 

QlJ*{a®^)=c-Q*{a) 

for all a E H^{K) (recall that k = F2). Let E be an exact sequence representing a G H^{K). 
Since the modules of the augmented complex W (g) kK^"^ k are free, we can lift the identity 
of A; to a chain map /?: 

k kK®^ i±L^ 1±Z; ^_^®2 

A; > ^i-i > !• Eq > fc 

Here v : k ^ kK is the norm map, and the upper row represents Qiin) e H^^^'^{K) for the 
generator k G H^^{K) (by Proposition 15. 4p . Due to Proposition 14.81 the product Qi{K)a G 

H~^{K) is represented by the complex k — > kK®"^ — !> k. Therefore, by Proposition 15.51 
Qi{K)a = ^g(zK /^(l ^ g)^ ''^^'^ hence 

(5.11) g*(a) = ^/3(l®5)Gfc- 

g&K 

As before, we get a triple {E, /3, 7) in such a way that the diagram of fcL-modules 
k > fcL»2 1 ^ j^j^m — 1 ^ ^ ^^®2 f > 

7 

A: ^ (£;®")n»-i > > (£;®")o > fc 

commutes, where fi : k ^ KL is the norm map, such that the upper row represents (5ni(A) G 
H^^^^"(L), where A G H^^{L) is the generator. As above. Propositions 14.81 and 15.51 show that 
Qn.(A)r(a®") = E/eL7(l<»/(0)A, so that 

(5.12) Q™(r(a®")) = E^(l®/«)efc- 

Combining formulas (j5.1ip and (|5.12p we get the desired result. □ 
We will now exploit this fact for several maps /. 
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Proposition 5.13. The constants Cn^i,a satisfy 

(5.14) Cn,i,id = 1, 

(5.15) Cn,i,cr =0 if = 1 and a ^ id, and 

(5.16) Cn,i^G = Cnd,a-^ foT all a. 

Proof of Provosition \5.13\ and Theorem \5.1i As a first step, tak;e L — K and let f : K I]„ I K 
be given by g H> (id; g, . . . ,g) for all g G K. Then x" = f*{x^^), and the computation 

51 7(1 ^ fig)) = ^ 7(1 (id; ff, . . . , 5)) = Cn,^M /3(1 «> ff)" = c„,,,id /^(l ® d) 

geK g£K geK geK 

shows that Q*{x) = Cn,^,idQn^ix") 6 H°{K). If we put K = Z/2Z, then the computa- 
tions in Example 11.21 show that the constant CnSM equals 1, so we have proved (I5.14p and 
Theorem Ol p. 

As a second step, let us take L = Z/2 x K and let / : Z/2Z x K ^ I K to he given by 
(m, g) I— >■ (ct"; g, g, . . . , g), where a 6 E„ is some fixed element of order 2. Then 

5Z 7(1«'/(3)) = ^7(i«'(id;g,...,5))+7(i® (^;ff,---,ff)) 

= (1 + Cn,,,,,) ^^(l(g)g). 

We take K — Z/2Z, but we keep the notation K in order to distinguish from the other factor 
Z/2Z. We have H*{K) = k[x] and iJ*(Z/2Z) = fc[z] for one-dimensional classes x and z. 
By Proposition HSl we know that /*((a;*)®") = f*{x®'^y = a;("-2m)»(a,2 ^.^^m*^ gy ^j^g 
computations in Example 11.71 applying Q*^ to such a polynomial in x, z equals the sum of the 
evaluations of that polynomial at (x,z) ~ (1, 1), (0, 1) and (1,0); therefore, Qi^i(/*((a;')®")) — 
1 G H°{Z/2Z X K). This implies (jgl^ . 

In order to prove (|5.16p . take a situation in which Z G is of order 2, and /3 is such that 
/3(1 ® /) 7^ 0. Then put g = {a;l,l, . . . ,1) and the result follows from 7(1 ® g) — 7(1 <S^ g~^)- Up 
to this point, we have proved Proposition 15.131 completely. 

Now we prove Theorem 15.11 ([T|) . Take / : i — > S„ ? /-iT to be the identity map of E„ ; K and 
compute 

^ 7(l®g) =^c„,i,<, • ^ /3(l®fci)^(l®fc2)---/3(l«)fc„) 

g={(T;ki,...,kn)eSnlK (J ki,...,k„eK 

= ^c„,,,,(^ /5(1®5))"- 

a g^K 

By Proposition 15. 131 X^o-gs '^n,i.a = 1, which proves Theorem I5.1i pi. 

Let TT : E„ ? — i> Sn be the projection map. For the proof of Theorem 15.1 1 choose a set {gt} 
of coset representatives of K in G with the property that all the t^^'s commute with all elements 
of order 2 in K. Then for each g G G, there are unique elements fci, . . . , fc„ G K and cr G Sn 
such that ggj — ga(j)kj for all j, and we get an injection f : G ^ I]„ IK hy g ^ (cr; fci, . . . , fc„). 
Then norm/f^G(x) = /*(a;®"), and we need to investigate 

7(1 ® 5) = ^ 7(1 g) by Proposition 15.71 

see gee 

= ^ 7(1® 5) by dnnii) and (mni). 

geG' 
^{f{g))=id 

But if T^ifig)) = id, then ggj — gjkj for all j, which means gg^ = kjgj for all j by our condition 
on K. Therefore, we get g — kj for all j, so that g E K and f{g) = (id; 17, 17, ... ,5). Conversely, 
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if (7 e if, then f{g) = (id; g, g, . . . , g) by our condition on K. Therefore, 

This proves © of Theorem O □ 

Example 5.17. Let us work out in detail the operations Q on the generator of H^^{G) in the case 
G = Dg,, the dihedral group with 8 elements. The structure of the cohomology ring H*{G) is 
known to be H*{G) = k[a,b,c]/{ab) where \a\ = |5| = 1 and |c| — 2 (see, e.g., g]. Theorem 7.8). 
From [2\, Theorem 3.1 and Lemma 2.1 we get that H~{G) ■ H^{G) = and that i/"(G) • 
H™[G) = for n < < n + m. Consider the fc-basis {aV^ , 5'c-' }ij>o of H*{G) and let us define 
{^Pa^coj <Pb»cj } to be the dual basis; in particular, Lpi is the canonical generator of H~^{G). Using 
Tate duality, one derives the relations 



otherwise, 

</5a'-icj if i > 0, 

otherwise, 



and similarly for a and b interchanged. All these facts together completely determine the mul- 
tiplicative structure of H*{G). 

From (3i((/3i) = Lpl = we get that Ql : H^{G) H^{G) is zero. Therefore, by TheoreinO O , 
we get Q*2{a^) = Qlib'^) = 0. Now notice that G = E2 ? Z/2Z, so that Theorem O implies that 
Q2 '■ H^{G) i?°(G) is onto and hence Q2{c) = 1. We have therefore determined Q2{'Pi) = fc- 
More generally, note that Q((^i) = Q{aipa) = Q{a)Q{^a) = (a + a?')Q{^a) is divisible by a and, 
by symmetry, also by b. This fact already implies that Qi{fi) is a multiple of (yj^-j for some j. 
Together with Q2,{c') = Qjlc)' = 1 we get 

Q2i{'Pi) = for i > 1, 

Q2i+i{'Pi)=0 for i > 0. 

Remark 5.18. Let us prove that Theorem 15.11 (1^ is not true for arbitrary subgroups K of G. 
Take K = Z/2Z x Z/2Z and G = Ds, and let us write norm for normj<-.G. We know that 
H*{K) = k[x,y] for some one- dimensional classes x,y. Suppose that Theorem 15.11 (^1) would 
hold in that case. Then Q2{norm(x)) = nonii{Ql{x)) = 0, so that norm(a;) = aa^ + fib"^ for 
some a,P £ k. Similarly, norm(j/) — a'a^ + /3'6^ for some a\j3' € k. But then noTm^xy) = 
norm(a;) norm(?/) = aa'a* + f3/3'b'^ and hence 

— QX{Tioriii(xy)) ^ iiOTm{Q2{xy)) = norm(l), 

a contradiction. 



6. Productive elements at the prime 2 

Let G be a finite group, and let ^ : fl"'k — >■ A: be a surjective map representing a Tate cohomology 
class [C] e H'^{G). Define to be the kernel of C; we therefore get an exact triangle 

(6.1) VLk^ Lq^ r2"fc h k. 

Following Carlson (^, §9) we call the class [(] productive if ( annihilates the cohomology of Lq, 
that is, the map ( (E> id^^ : r2"fc ^ —i' is stably zero. It is known that, for all primes p > 3, 
a non-zero class [Q is productive if and only if its degree n is even (see [5], Theorem 4.1). The 
case p = 2 is more complicated, and we will show in this section that the operations Q can be 
used to determine whether a class is productive or not: 
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Theorem 6.2. Let p ~ 2, and let G be a finite group. A cohomology class [C] G W^{G) is 
productive if and only i/Pi(C) is divisible by C in H*{G). 

Remark 6.3. The 'only if part of this theorem has been conjectured and independently proven 
in the case of ordinary cohomology classes by Ergiin Yalgin, using connections to the existence 
of diagonal approximations of certain chain complexes. 

The proof of Theorem 16.21 relies on the following commutative diagram. 

Proposition 6.4. Under the conditions of the theorem, the following diagram commutes stably: 



idiS 



c 



Pi(C) 



Proof of Theorem \6.2l We assume that [(] ^ 0. If Pi(C) is divisible by C, then there is a map 
a : fl'^k (g) n"k n"+^k such that Pi(C) = But then ?/Pi(C) ^ rjCa ^ because r/C = 0. 
By Proposition 16.41 we get that ( is productive. 

Conversely, suppose that C is productive, so that ?/Pi(C) • (id^t) = by Proposition 16.41 Since 
the triangle 



is exact, we get that riPi{Q = A • (id®C) for some map A : fi^fc — >■ L,^. When we apply the 
homological functor Hom ^gfr2"fc, — ) to the triangle (j6.ip . we get a long exact sequence 

Hom ,,.r.(r?"fc. nk) ^ Hom ,,^fl7"fc. L^) ^ Hom ,,r.(r?"fc. 17"fc) ^ Hom ,,^fl7"fc. k). 

Here can be viewed as C,- : H'^{G) — > H'^{G) which is injective because the class [Q is non-zero. 
By exactness, = and 77, is surjective. In particular, X — rjp for some map p : f2"fc — flk. 
Altogether we have that 

77(Pi (C) - p(id ®C)) = A(id ®C) - W(id ^-C) = 0, 

and therefore Pi(C) - p(id(8)C) = Co" for some map cr : fi"fc (g) rj"fc -j- r2"+ifc. But then Pi(C) = 
[p][C] + [C]M, so that Pi(C) is divisible by [(]. □ 

Remark 6.5. Before we start proving that the diagram commutes, let us draw some analogies to 
the topological world. Let us define fc/C to be some choice of cone of C : fi^fc — >■ fc. Then the 
commutative square of Proposition 16.41 is a shift of the diagram on the left-hand side: 



n"k(E)k/C- 



-^k/c 



S/2 S/2 



Sqi(C) 



7^k 



pinch 



Note the similarity to the topological situation on the right-hand side, which takes place in 
the stable homotopy category. Here, S denotes the sphere spectrum, S/2 is the mod-2-Moore 
spectrum, a cone of multiplication by 2 on S, and r] = Sq]^(2) is the Hopf map. 



The rest of this section is devoted to the proof of Proposition 16.41 Let p = 2, and let G be a 
finite group. Let P be a complete projective resolution of the trivial fcG-module k, and let this 
resolution define the modules rj"fc. 
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Proposition 6.6. There is an unstably commutative diagram 

n^k ® n^k > Q > k 



n"k (g> n"k —— > n^k ® n^k — — > k 

in which Q is projective, and the upper row is a complex representing Pi(C) G H^"^^{G). 

Proof. We use the operad C given in ti2.3l for the definition of Pi(C)- Choose a morphism of 
augmented E2-chain complexes A : — ?• C(2), where W is the standard free resolution of k as 
trivial S2-module. When we consider fl^k as a chain complex concentrated in degree 0, then 
the differential of P induces a chain map 7r„ : P — > of degree n. Let — A{ei), where Ci 
is the generator of Wi. We get a commutative diagram 



P- 



1+T 



where ?/) is a stable equivalence and the upper row equals dAi. Since 7r„ is a chain map, this 
diagram restricts to the following commutative diagram in dimension 2n: 



Pin 



^ P2n^l {P^% 



We define A = vr^^ o Ai; then C,®"^ o A : Pin-i k represents Pi(C) by definition. Since -0 is a 
stable equivalence, we can choose a map w : (f2"fc)®2 il^"k such that ipuj — id factors as 

for some projective module R. Then we have a commutative diagram 



n^"k- 



iTk ® n''k ■ 



incl 



/'incloLjA 



(id, 0) ^ 

(C®^oA. 0) 
-^P2n-1®R— ^k 



l+T 



(A, (l+T)o/3) 



-^k 



proving the claim. 



□ 



Proof of Proposition \6.4\ Define the map k : Vl'^k ® H^k hy a ® b ^ C{o-)b + Cib)^, then 

the upper left triangle in the diagram 




Pi(C) 
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commutes, and we want to show that the bottom right triangle also commutes. To do so, we 
extend the diagram of Proposition 16.61 as follows: 




The bottom row is an extension representing [rj] e Ext^Q(fc,L^), so we are done by Proposi- 
tion □ 



[1 

[2 
[3 

[4] 
[5 

[6 

[7] 
[8 

[9 
[10] 

[11 
[12 

[13 
[14 
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